T rr1r1r

1T M1 T

> restart; read '\G:/My Drive/Aek/SubtractTransferGame/Lengyel.txt";
> # Show some numerical results from the paper
>
> # Section 1: Lengyel Previous results
> # Thml.3(a)
> A:=matrix(Lengyel(1,1,10,10));
002 020202 0 2]
1 3 1.3 13 13 1 3
02 0202020 2
1 31313 1313
4= 02 0202020 2
131 31 31 3 1 3
020202020 2
1 31313 1313
02 0202020 2
L1 3 1 3 1 3 1 3 1 3]
> Per (Lengyel(1,1,10,10));
[0,2,2]

> # Thml.3(b)
> [seqg(Per (Lengyel (2*b,2*b,20+4*b,20+4*b)) ,b=1..5)1];

[[0,4,4],[0,8,8],[0,12,12],[0, 16,16],[0, 20, 20]]

[ > # Check the P-positions

> A:=Matrix(Lengyel(6,6,10,10)) ;

[0 1 01 01 10 1 0]
01010071010
0101101010
010010101 1
40110101001
1o o1 010 1 1 01
1 01 01001 01
1 01 01101 01
1 01 00101 01
1 01 101 0 1 0 0]
> B:=Matrix([seq([seq( (floor((x+y)/6)+x) mod 2,x=0..9)],y=0..9)]1);

[0 1 01 01 10 1 0]
01010071010
0101101010
0100101011
01101 01001
B=lo 010101 101
1 01 01001 01
1 01 01101 01
1 01 00101 01
1 01 101 0 1 0 0]

> A-B;
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[0 0000000 0 0]
000 0O0O0O0O0TO0 0
000 0O0O0O0O0TO0 0
000 0O0GO0O0O0TO0 0
000 0O0O0O0O0UO0 0
000 0O0O0O0O0TO0 0
000 0O0O0O0O0UO0 0
000 0O0O0O0O0UO0 0
000 0O0O0O0O0TO0 0
0 00O 0O 0O O0O0 0 0]

# Thml.3(c)
A:=[seq(Per (Lengyel (1,x,20+2*x,20)) ,x=2..8)];
4:=[[0,6,2],[0,8,2],[0, 10,2], [0, 12, 2], [0, 14, 2], [0, 16, 2], [0, 18, 2]]
B:=[seq ([0, (x+1)*2,2] ,x=2..8)];
B:=[[0,6,2],[0,8,2],[0,10,2],[0,12,2],[0, 14,2],[0, 16,2],[0, 18,2]]
A-B;
[f0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0]]

# Conjecture 1.4 (a)
A:=[seq(Per (Lengyel (b,b,20+4*b* (b+1) ,20+4*Db))
/b in {3,5,7,9,11}1H1;
A:=[[0,24,6],[0,60,10],[0,112,14],[0, 180, 18], [0, 264, 22]]
B:=[seq([0,2*b* (b+1) ,2*b] ,b in {3,5,7,9,11})1;
B:=[[0,24,6],[0,60,101],[0, 112, 14],[0, 180, 18], [0, 264, 221]]
A-B;
[[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0]]

# Conjecture 1.4 (b)
A:=[seq(Per (Lengyel (b,1,20+8*b,20+4*b)) ,b=2..10)];
4:=[[0,8,4],[0, 12, 6], [0, 16, 8], [0, 20, 10], [0, 24, 12], [0, 28, 14], [0, 32, 16], [0, 36, 18], [0, 40, 20]]
B:=[seq([0,4*b,2*b] ,b=2..10)];
B=[[0,8,4],[0,12,6],[0, 16,8],[0,20,10],[0,24,12],[0, 28,14],[0, 32,161, [0, 36, 18],[0, 40,20]]
A-B;
[[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0]]

# Theorem 1.5 (b)
A:=[seq(Per (Lengyel (b,5*b,20+4*b,20+4*b)) ,b in {2,4,6,8,10,12,14,16})];

A4:=[[0,4,4],10,8,8],[0,12,12], [0, 16, 16], [0, 20, 20], [0, 24, 24], [ 0, 28, 28], [ 0, 32, 32]]
B:=[seq([0,2*b,2*b] ,b in {2,4,6,8,10,12,14,16})1;
B:=[[0,4,4],10,8,8],[0,12,12],[0, 16,16],[0,20,20],[0,24,241],[0, 28,28],[0, 32,32]]
A-B;
[[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0], [0, 0,0]]

# Theorem 1.5 (c)
A:=[seq(Per (Lengyel (b,2*b,20+4*b* (2*b+1) ,20+4%*b)) ,b=1..6)];

A4:=[[0,6,2],[0,20,4],[0,42,6],[0,72,8],[0, 110, 10], [0, 156, 12]]
B:=[seq([0,2*b* (2*b+1) ,2*b] ,b=1..6)1];

B:=[[0,6,2],[0,20,4],[0,42,6],[0,72,8],[0, 110, 10],[0, 156, 12]]
A-B;

[[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0],[0,0,0]]
A:=[seq(Per (Lengyel (b,3*b,20+4*b* (3*b+1) ,20+4*b)) ,b in {1,3,5,7,9})1;

A:=[[0,8,2],[0,60,6],[0,160,10],[0, 308, 14], [0, 504, 18]]



[ > B:=[seq([0,2*b* (3*b+1) ,2*b],b in {1,3,5,7,9})1;
B:=[[0,8,2],[0,60,6],[0, 160, 10], [0, 308, 14], [0, 504, 18]]

> A-B;
L [[0,0,01,[0,0,0],[0,0,0],[0,0,0],[0,0,07]
L>
[ > # Figure 1 on page 2
[ > matrix(Lengyel(1l,1,4,4));
0 2 0 2
1 3 1 3
0 2 0 2
L 1 3 1 3
[ > # Figure 2 also on page 2
matrix (Lengyel(2,3,16,4));
o1 120011100211 UO00O0
o o0 1110021 T1T®O0OO0O0T1T1 2
1 00 3 1 10001 1 3 0011
L 1P 100 01 13 001 1 10 0 3
L >
[ > # Lemmal.é6

> A:=[seq(Per(Alon(b,3,3,2,1,30+4*b* (b+1) ,20+4*b)) ,b=1..10)1]1;

L A:=[[0,1,2],[0,5,4],[5,3,6],[5,10,8],[10,25,10], [ 10, 15, 12],[10, 35, 14], [ 10, 20, 16], [ 15, 45, 18], [ 15, 25, 20]]
> [seq( A[i][3],i=1..nops(A))];

1

[2,4,6,8,10,12, 14, 16, 18, 20]

# Conjecturel.?’
> [seq(Per (Alon(b,3,3,2,1,30+4*b* (3+2) ,20+4*b)) [2] ,b=1..12)];

L [1,5,3,10, 25,15, 35, 20, 45, 25, 55, 30]
[ [seq(2*b* (3+2) /ged (2*b,3+1) ,b=1..12)1];

[5,5,15,10,25,15, 35, 20, 45, 25, 55, 30]

1 T
v

v

# Section 2: Nim Periodicity
# Lemma 2.1
matrix (Lengyel(2,3,20,20));
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L>
[ > # Figure 3 on page 4
( > matrix (TwoOptions(2,1,1,8,4))
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o1 1 0 0 1 1 0
o0 1 1 0 0 1 1
1 0 01 1 0 0 1
1 1.0 0 1 1 0O
matrix (TwoOptions(3,1,1,6,6)) ;

0O 1 0 0 1 0

o1 1 0 1 1

001 0 01

1 01 1 01

1 0 01 00

1 1.0 1 10

# Theorem 2.8

# Examplel:

seq (Per (TwoOptions(3,1,y,50,50)) [2],y={3,9,15,21,27,33}) ;
LL1L,1,1,1

A:=[seq(Per (TwoOptions(3,1,y,50,50))[2] ,y={1,2,4,5,6,7,8,10})]1;

A:=[3,6,6,3,2,3,6,6]
B:=[seq(2*3/gcd(2*3,3+y) ,y={1,2,4,5,6,7,8,10})1;
B:=[3,6,6,3,2,3,6,6]
A-B;
[0,0,0,0,0,0,0,0]

# Example2:
seq (Per (TwoOptions(4,2,y,50,50)) [2] ,y={4,12,20,28,36,44}) ;

1,1, 1,1,1,1
A:=[seq(Per (TwoOptions(4,2,y,50,50)) [2] ,y=({seq(i,i=1..20)} minus {4,12,20}))1;
A:=116,8,16,16,8, 16,4, 16,8, 16, 16,8, 16,4, 16, 8, 16]
B:=[seq(2*4*2/gcd (2*4,y+4) ,y=({seq(i,i=1..20)} minus {4,12,20}))];
B:=]16,8,16,16,8,16,4, 16,8, 16, 16,8, 16,4,16,8, 16]
A-B;
[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

# Test more cases of Theorem 2.8

seq (print (b, {seq([seq(Thm28 (b,x1,yl) /Per (TwoOptions (b,x1,yl,10+4*b*x1,15+4*b)) [2] ,x1=1..1

0)],yl=1..b)}) ,b=1..9);
L{r,1,1,,L,1,1,1,1,1]}
2,{[1,1,1,1,1, 1,1, 1,1, 1]}
3, {01, 1,, 1,1, 1,1,1,1,1]}
4, {[1,1,1,1,1,1,1,1, 1, 1]}
S04, 1,1, 1,1,1,1,1,1,1]}
6, {[1,1,1,1,1,1,1,1,1,1]}
7,401,1,1,1,1,1,1,1,1,1]}
8 {[1,1,1,,1,1,1,1,1,1]}
9,{[1,1,1,1,1, 1,1, 1,1, 1]}

# Lemma3.7 on page 6
[seq(Lem37(b,3,3,2,1) ,b=1..9)];

[ true, true, true, true, true, true, true, true, true |

# Figure 7 on page 8
matrix (Lengyel(3,1,12,6))



o101 0210T1UO0T12
o1 021 01 01 2 01
02101 01 2 01 01
1 o101 3 01 01 0 3
1 01 3 01 01 03 10

L 1301 0 1 0 3 1 0 1 0

C>

[ > # Test Lemma 6.1 Vector elimination

[ > Lem61(3,1,5,2,1);

L true

> Per (Alon(3,1,5,2,1,20,20));
L [0,3,6]
[ > Per (TwoOptions(3,1,5,20,20));
[0,3,6]

>

> # Figure 11 of Proposition 8.1

> matrix(Alon(1,7,0,6,1,52,2));

(0,0,0,0,0,0,0,2,2,2,2,2,2,1,0,0,0,0,0,1,0,2,2,2,2,1,0,1,0,0,0,1,0,1,0,2,2,1,0,1,0,
1,0,1,0,1,0,1,0,1,0,1]
(r,1,1,1,1,1,1,3,3,3,3,3,3,0,1,1,1,1,1,0,1,3,3,3,3,0,1,0,1,1,1,0,1,0,1,3,3,0,1,0,1,

L 0,1,0,1,0,1,0,1,0,1,0]

[ > matrix(Alon(1,7,0,8,1,60,2));

(0,0,0,0,0,0,0,1,2,2,2,2,2,2,0,1,0,0,0,0,0,1,0,1,2,2,2,2,0,1,0,1,0,0,0,1,0,1,0,1,2,
2,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1]
(ry1,1,1,1,1,1,0,3,3,3,3,3,3,1,0,1,1,1
3,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0,1,0]

1T 11T

,1,1,0,1,0,3,3,3,3,1,0,1,0,1,1,1,0,1,0,1,0,3,

# Proposition 9.2
> seq(Per (LengStar (b,b,b,20+2*b,4*b)) ,b=2..10) ;

[0,4,4],10,5,6],[0,6,8],[0,7,10],[0,8,12],[0, 9, 14], [0, 10, 16], [0, L1, 18], [0, 12, 20]

1 T
v

L>
[ > # Figurel3
[ > b:=6:
[ > matrix(LengStar(b,b,b,b+2,2*b)) ;
(01 2 3 4 5 6 7]
01 2 3 4 5 6 7
01 2 3 4 5 6 7
01 2 3 4 5 6 7
01 2 3 4 5 6 7
00 2 2 4 4 6 6
1 0 3 2 5 4 7 6
1 0 3 25 4 7 6
1 0 3 2 5 4 7 6
1 0 3 25 4 7 6
1 0 3 2 5 4 7 6
L Lt 1 3 3 5 5 7 7]
[ > [seqg(Per (LengStar(a,a,a,20,20)),a=1..5)];
L [10,2,2],[0,4,41,[0,5,6],[0,6,8],[0,7,10]]
[ > [seq(Per (LengStar(1,3,c,60+2*c* (c+1),12)),c={1,3,5,7,9,11,13,15,17,19,21})1];
[[0,12,6],[0,12,6],[0,6,6],[0,24,6],[120, "No Period p", 61, [0, 12,61, [0, 168, 61,0, 48,6],[0, 18,61, [0, 60, 6],
[0,330,6]]

L >
[ > # Section 10 Some examples of more general subtraction-transfer set
> S := {[OI_3]I[_2IO]I[_1I3]I[_212]I[_411]};
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