Generalized Fibonacci Numbers with Matrix
Method

Thotsaporn Thanatipanonda
(joint work with Chatchawan Panraksa)

Mahidol University International College,
Nakornpathom, Thailand

June 30, 2016

MAHIDOL UNIVERSITY

Wisdom of the Land



Introduction to Matrix Form

We unified all the generalized Fibonacci numbers in the past using
the matrix form. This way we have a simple way to show the
known identities using the properties of the matrix. We also find
the new identities by this method.
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Fibonacci numbers

We define Fibonacci numbers, F},, by the following matrix:

Fop1 F, 1 1 177
F, F,a| |10]"
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Known ldentities
Many of the known identities can be proved by this matrix method.
For example:

Fn+1Fm+l + FoFpy = n+m+1-

Proof.
Consider the top right entry of the following:

FTL+1 Fn :| |: Fm+2 Fm+1 :| n pm-+1 n+m-+1
|: Fn Fn—l Fm+1 Fm

_ Fn+m+2 Fn+m+1
Fn+m+1 Fn+m

11
whereP.—[1 O]' O
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Known identites

Second example:

n
ZFj =Fu—1
=1

Proof.

Comparing the top right entry of the following:
n _ _ _ +2 _ p2
Lt == s P2 &
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Generalizations, Lucas numbers

Ln+1 Ln L 1 1 n. 1 2
L, L,1| |10 2 -1

Noticed that
L] 1 T2
1 0 1 0 T2 -1

gives rise to many nice identities.
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Gaussian Fibonacci

Gaussian Fibonacci mentioned by Jordan [FQ,1965],

GF, =F, +iF,_;
can be defined by matrix method as following:

GF.1 GF, | _[1 17" [1
GF, GF,1| |10 i 1—i |’
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Gaussian Fibonacci (continued)

1 1] 1 i P [1+2 o0
10 i1—i] | 0 142

gives rise to some nice identity such as:

Remark:

GFn(GFn+1 -+ GFn_l) = (1 -+ Qi)an_l

Proof.
Consider the top right entry of the following:

GFTL—‘,—l GFn :||: GFn+1 GFn — (PnR)2 — P2n_1(PR2).

GF, GF,1 GF, GF,1

U
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Fibonacci Quaternions

Fibonacci Quaternions mentioned by lyer [FQ,1969],

Qn:Fn+iFn+1 +an+2+an+3

can be defined by matrix method as following:

[Qnﬂ Qn ]

[1 1Yﬂ[1+i+2j+ﬂ;i+j+2k
Qn anl

10 itit2% 144k
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Fibonacci Quaternions(continued)

Matrix method gives a simple prove to these identities
L. Qn—iQnt1 — jQni2 — kQnis = 3Ln3.
2. Q2+ Q% | =2Q2m -1 — 3Lanyo.
3. Q2+ Q| =06F1Qn_1—9Fo 3 +2(—1)" (1 —i—k).
4. 300 Qi = Qni2 — Q.
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Gaussian Fibonacci numbers by Berzsenyi

Berzsenyi, [FQ,1977], gave the definition of F), ;,, := Fy 4, that
satisfies the discrete version of Cauchy-Riemann equation

W = f(z+1)— f(2)
N Fn,m—‘rl._ Fn,m

= LI'n+1m — Fn,m'

This leads us to the beautiful formula of F, ,

Fom= (’Z) *E .
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Gaussian Fibonacci numbers by Berzsenyi (continued)

Remark: F, 0 = F), and F, 1 = F, + iF,—1 = GF,.
Gaussian Fibonacci numbers of Berzsenyi can be defined as
following;:

Fotim Fom J_[1 17" [1 4 "
Fym Focim | |10 i 1—i | -
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Known identity

2m om '

=0 N7
can be obtained by the matrix method thanks to the fact that

1 1] 1 @ )P [1+2 o0
10 i1—i| | 0 142 |

n MAHIDOL UNIVERSITY
Wisdom of the Land




What else?

We define the new sequence T}, ,,, as following:

Toitm To | _[1 1277 [1 b "
Tom To-im | |1 0 b 1-b] -
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Main Theorem

Theorem
If there is an integers A, B and a complex number b satisfy the
following:
1117 b 1% [eo
10 b 1—b 10 ¢
then

B .
c"F, = m WV F, Am_;, foranyn € Z and m € N.
j A
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Some identities from the Theorem
117171 21% [5 0
1o |2 -1 |05

2m\ .
5™, = )i F, ;.
Z(]) ’
J
1] rr i P [1+2 0
10 i 1—i| ~ | 0 1+42i

. 2m)
(1 + QZ)an = Z ( m)ZJFn-I—m—j'
J

gives

gives

J

|\ MAHIDOL UNIVERSITY

Wisdom of the Land



Table
List of A, B and b such that

IRt

A|B b c Note
0|1 0 1 Identity
0] 2 2 5 Lucas
112 +i 1+£20 Complex Fibo
2|1 -1 1
-1 5
2|2 — 1
2 | 4| 24++/5|25(9+4V5)
311 —2 -1
312 | -1+ -1+ 2
1
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